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Abstract 

This paper contains two results on the LP regularity problem on Lipschitz domains. 
For second order elliptic systems and 1 < p < oo, we prove that the solvability of the 
LP regularity problem is equivalent to that of the LP Dirichlet problem. For higher 
order elliptic equations and systems, we show that if p > 2, the solvability of the LP 
regularity problem is equivalent to a weak reverse Holder condition with exponent p. 
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1 Introduction 

Let Q be a bounded Lipschitz domain in M d with connected boundary. Consider the elliptic 
system of order 2£, C(D)u = in Q, where u — (u 1 , . . . , u m ), 

m 

(C(D)uy = J2^ k (D)u k , j = l,...,m, (1.1) 

k=l 

a\D) = O aD ^ (i-2) 

and D = (Di, D 2 , . . . , Dj), D{ = d/dxi for i = 1,2, ... ,d. Also, a = (ai, a%, . . . , aa) is a 

multi-index with length \a\ = a x + • • • + a d and D a = D^D^ 2 . . . D a d d . Let 

E fortER d . (1.3) 

\a\=\/3\=t 

We will assume throughout this paper that the alg are real constants satisfying the Legendre- 
Hadamard ellipticity condition 



for some fi > 0, and all £ G M d , r\ G IR m , as well as the symmetry condition 



&"({) = £*(£). (1.5) 
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The LP Dirichlet problem for the elliptic system C(D)u = in Q consists of finding a 
solution u such that (V £_1 tt)* G L p (dQ) and u, Vw, . . . , V^ _1 m take the prescribed data on 
dQ in the sense of nontangential convergence. Here and thereinafter V fc w denotes the tensor 
of all partial derivatives of order k and (w)* the nontangential maximal function of w. More 
precisely, let WA k ' p (dVL, R m ) denote the completion of the set of arrays of functions 

{/ = (/a) H <* = (D a f) H < k : / G C™(R d ,R m )}, (1-6) 
under the scale-invariant norm on dQ, 

11/11^:= Wf^WWfWp, (1-7) 

|a|<fe 

where || • || p denotes the norm in L p (dQ). The L p Dirichlet problem is said to be uniquely 
solvable if given any / G WA ~ 1,p (d^l,, M m ), there exists a unique function u such that 

C{D)u = in ft, 

L> a w = /„ on dtt for |a| < £ - 1, (1.8) 

(V^ 1 ^)* G L"(9fi). 

Moreover, the solution it satisfies the estimate 

||(V^)*|| P <C Wf«Wp- (1-9) 

|a|=i-l 

If the Dirichlet data in flEE} are taken from VW £,p (9fi,M m ) instead of 

' p (0f2, M m ), then they all have tangential derivatives in L p {dVl). Consequently we may 
expect the solution to have one order higher regularity. This is the so-called L p regularity 
problem. Let Vtg denote the tangential derivatives of g on dQ. We say that the L p regularity 
problem for C{D)u = in Vt is uniquely solvable if given / = {f a : \a\ < £} G WA e,p (d£l, M m ), 
there exists a unique function u such that 

C(D)u = in ft, 

D a u = f a on dtt for \a\ < £ - 1, (1.10) 

(V%)* G L p (9ft). 

Moreover, the solution u satisfies the estimate 

H(vVL<c E H V */-II P - (i.ii) 

\a\=e-i 

For p close to 2 and d > 2, the solvability of the L p Dirichlet and regularity problems 
was established in [7J [HI El EI] for second order elliptic systems and in [SI E2 EH E5] for 
higher order elliptic equations and systems. In the lower dimensional case d = 2 or 3, the 
L p Dirichlet problem was solved for 2 — e < p < oo and the L p regularity problem for 
1 < p < 2 + e (both ranges are sharp) in [H [131 El I2S] . In the higher dimensional case d > 4, 
the L p Dirichlet problem for 2 < p < 2 ^~^ + £ was recently solved by Shen in [TT], [18] for 
higher-order elliptic equations and systems. The paper [TF] also established the solvability 
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of the LP regularity problem for the second order elliptic systems in the case d > 4 and 
2 ^7 1 1 - > — e < p < 2. Related results may be found in [TJl [TBI ES] for the Stokes system and in 
[T9] for the biharmonic equation. We remark that the results mentioned above extend the 
classical work of Dahlberg, Jerison, Kenig, and Verchota in [U [2j [3j [TTj, [23] on L p boundary 
value problems for Laplace's equation in Lipschitz domains. 

In this paper we establish two related results on the L p regularity problem. First, for 
general higher order elliptic equations and systems in Q, we show that if p > 2, the solvability 
of the L p regualrity problem is equivalent to a weak reverse Holder condition with exponent 
p on dQ. Let A(P, r) = B(P,r) D dQ where P G dfl. The result may be formulated as 
follows. 

Theorem 1.1. Let L{D) be a system of elliptic operators of order 21 satisfying conditions 
and U.5\) . For any bounded Lipschitz domain Q andp > 2, the following are equivalent. 

1. The L p regularity problem for C{D)u = in Q is uniquely solvable. 

2. There exist C > and r > such that for any P G dfl and < r < r , the weak 
reverse Holder condition 

G±r/ KvMT^V <^(4i / KvW^V, (i.i2) 

V r JA(P,r) J \ r JA(P,2r) J 

holds for any solution v of £(D)v = in Q with the properties (V e v)* G L 2 (dQ) and 
D a v = on dtt for \a\ < £ - 1 on A(P, 3r). 

Theorem 11.11 extends the work of Shen in [18] where a similar result was established 
for the LP Dirichlet problem. When combined with the main result in [15] ; it yields the 
following. 

Theorem 1.2. Let Q be a bounded Lipschitz domain in M> d , d > 4. Suppose that the LP 

regularity problem for C(D)u = in Q is uniquely solvable for some 2 < p < d — 1. Then 

the L q Dirichlet problem for C(D)u = in Q is uniquely solvable for 2 < q < q + e, where 

j_ _ l i_ 

<jo v ' 

In the second part of this paper we consider the case of second order elliptic systems, i.e. 
i = 1. In this special case we show that for any given Lipschitz domain, the LP regularity 
problem and the LP Dirichlet problem are in fact equivalent. 

Theorem 1.3. Let 1 < p < oo and Q be a bounded Lipschitz domain. Then, for any 
second order elliptic system satisfying conditions (l.^.)-(1.5), the L p regularity problem in Q 
is uniquely solvable if and only if the LP Dirichlet problem in Q is uniquely solvable. 

We point out that although it is not implicitly stated, the duality between the regularity 
and Dirichlet problems was essentially established in the case of star-shaped Lipschitz do- 
mains for Laplace's equation in [23] . Some partial results on this duality relation may also be 
found in [5T] for second order elliptic equations with bounded measurable coefficients. Our 
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approach to the elliptic systems uses the basic duality argument in [23J. The main contri- 
bution here is a localization argument which allows us to treat the case of general Lipschitz 
domains in the absence of positivity. 

It would be very interesting to see if the duality between the regularity and Dirichlet 
problems in Theorem 1.3 extends to higher order elliptic equations and systems. As a 
first step in this direction, some partial results have been obtained by the authors for the 
biharmonic equation A 2 u = 0. 

Note that by Theorems II .11 and II .31 for second order elliptic systems, as in the case p > 2, 
the solvability of the LP Dirichlet problem for 1 < p < 2 is also equivalent to a weak reverse 
Holder condition. In particular, by the well known self-improving property of weak reverse 
Holder conditions, it follows that if the Dirichlet problem in Q is solvable for some 1 < p < 2, 
then it is also solvable in Q for some 1 < p < p. This, together with Theorem 11.21 as well as 
results in [I], gives the following. 

Theorem 1.4. Consider the second order elliptic system C(D)u = in a bounded Lipschitz 
domain Q in IR d . Let A denote the set of exponents p G (l,oo) for which the Dirichlet 
problem in Q is uniquely solvable. Then 

1. If d = 2 or 3, A = (q, oo) where 1 < q < 2. 

2. If d > A, A = (q, s) where l<g<2<s<oo. Furthermore, s = oo if q < and 

> g(d-l) ,r d-l 
6 — qd-2q-d+l " 7 d-2 ' 

The paper is organized as follows. In Section 2 we show that the condition (V 2£_1 w)* G LP 
for some p > 1 implies that V 2£ ~ 1 u has nontangential limits on dfl and || (V 2£_1 w)*|| p < 
C || V^-^Hp. The proof of Theorem 11.11 is given in Sections 3 and 4, while Theorem 11.21 is 
proved in Section 5. Sections 6 and 7 are devoted to the proof of Theorem 11.31 

Finally we remark that the summation convention will be used throughout this paper. 
Also, Q will always be a bounded Lipschitz domain with connected boundary. We will use 
T(a;) = (Tjk(x)) mxm to denote a matrix of fundamental solutions on M. d to the operator C(D) 
with pole at the origin. 



2 A preliminary estimate 

Theorem 2.1. Suppose that C(D)u = in and (V 2£_1 m)* G L p (dVL) for some p > 1. 
Then V 2f_1 M has nontangential limits a.e. on dQ. Furthermore, V 2 ^ _1 m G L p (dQ) and 

\\{V™- l uy\\ p <C\\V™- l u\\ P , (2-1) 

where C depends only on fi, d, m, I, p and the Lipschitz character ofVt. 

Proof. Let {Q r } be a sequence of smooth domains such that Q r j Q. Fix x G f2. Since 
C(D)u = in Q and C(D)T = 5q, we may write 

D^ +k u s (x) = [ a%D a+ f'T x ja (y) ■ D^ +k u l dy (2.2) 
Jn r 

JVtr 
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where T x (y) = T(x — y), and 7, k are two multi-indicies with I7I = £ and \k\ = £ — 1. 

Next, we derive the Green's representation formula by integrating by parts to switch the 
derivatives on T x and u. This produces only boundary terms as the solid integrals cancel 
out. Note that we should move derivatives in such a way that no more than 2£ derivatives 
are taken on either T x or u. By doing so we obtain 

Un +k u a {x)= V / D a T x js ■ n?.(u*) da, (2.3) 



\a\=2£-l 



where li^u 1 ) is a sum of derivatives of u % of order \a\ times various components of the unit 
normal to dQ r . 

Let A r : dQ — > dQ r denote the homeomorphism given by Theorem 1.12 in [23]. We now 
rewrite (12. 3p as an integral on dQ to obtain 

D^ +k u s {x) = I D a Tl{K{P)).Yi^){K{P))uj r da. (2.4) 

|a|=2f-l ^ 9n 

SlIlCG 

[u^iMP^l^civ^unp), 

it follows that 

l|nr,K)(A r )|| P <c||(v 2 ^)1l P <oo. 

Consequently, there exists a subsequence, which we still denote by Ufj(u l )(A r ), that converges 
weakly in L p {dVt) to some function gf G LP{dVt) asr -> 00. Since D a T x s {K{P)) -> D a T x s (P) 
uniformly on dQ, we obtain 



D^ +k u s {x) = I D a T x s (P) ■ gj da. 



\a\=2£-l 



This implies that D 1+k u has nontangential limits a.e. on dfl. As a result, we have \g"(P)\ < 
C\S7 2l - l u(P) \ for a.e. P G It follows that 



\a\=2i-\ j 

This finishes the proof. □ 



3 Sufficiency of the weak reverse Holder condition 

The goal of this section is to show that given any Lipschitz domain Q and any p > 2, the weak 
reverse Holder condition (II .121) is sufficient for the solvability of the LP regularity problem 
on Q. 

Theorem 3.1. Let C(D) be an elliptic operator of order 2£ satisfying the ellipticity condition 
(TO) and the symmetry condition U.5\) . Let Q be a bounded Lipschitz domain in M. d and fix 



p > 2. Suppose that for any A(P, r) C d£l with P G <9f2 and < r < r , the reverse Holder 
condition hi. 12) holds for all solutions of C(D)u — in ft with the properties (V e u)* G 
L 2 (dQ) and D a u = on A(P,3r) for \a\ < £ — 1. Then the L p regularity problem in Q is 
uniquely solvable. 
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The proof of the following Poincare type inequality may be found in [T8] . 

Lemma 3.2. Suppose £>l. Let f = {f a : \a\ < £} G WA 2/ (dtt) and A(P,r) C dtt. Then, 
there exists a polynomial h of degree at most £ — 1 such that 

\\ff> ~ ^L(A(i») ^ E \\Vtfa\\L*(A(P,r) h (3.1) 

\a\=£-l 

for any multi-index (3 with \(3\ < £ — 1. 

The proof of Theorem 13. 11 which is similar to that of Theorem 3.1 in [18J, relies on a real 
variable argument. The proof of the following theorem may be found in [20J. 

Theorem 3.3. Let S = {(x',^(x')) : x' G lR d_1 } be a Lipschitz graph in W 1 . Let Qq be a 
surface cube in S and F G L 2 (2Q ). Let p > 2 and g G L g (2Q ) for some 2 < q < p. 
Suppose that for each dyadic subcube Q of Qo with \Q\ < (3\Qo\, there exists two integrable 
functions Fq and Rq on 2Q such that \F\ < \Fq\ + \Rq\ on 2Q, and 

Ci { (w\ L |F|2 V2 + s (m 1 19,2 d °) 'I • (3 ' 2) 

(Mi |Fo|2dff ) 1/2£C2 s(Mi l9|2 ^) I/2 ' (3 - 3) 

where Ci, C 2 > and < (3 < 1 < a. Then, 

{mlr d °T s c \imLr d T (3 - 4) 

+ {mL Wd °T\ 

where C3 depends only on d, p, q, C\, C2, a, (3, and HVV'Hoo- 

We now proceed to the proof of Theorem 13.11 
Proof of Theorem 13.11 

The uniqueness for p > 2 follows from the uniqueness for p = 2. To establish the existence, 
we let / = {f a : \a\ < £} G WA ,p (dQ) and u be the solution to the L 2 regularity problem 
with boundary data {f a : \a\ < £ — 1}. We will show that if P G dQ and < s < cr , then 
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By covering dfl with a finite number of balls of radius cr , estimate (I3.5P implies that 

||(v £ M )i P < c\dn\^\\(v e u y\\ 2 + c \\Vtfa\\ P 

\a\=i-l 

< ^ ||v t / a || 2 + c ^ ||v t / a || p 

|a]=^-l |a|=£-l 

\a\=t-l 

Here we have used the L 2 regularity estimate as well as Holder's inequality. We now seek to 
establish estimate (13. 5p . 

Fix P G dVt and < s < cr . By rotation and translation we may assume that P = 
and 

B(P,r )nn = B(P,r )n{(x',x d )ER d :x d >ij(x')}, (3.6) 
B(P,r )f]dn = B(P,r )n{(i'^'))GK d :i'el w }, (3.7) 

where ip : M. d ~ l — > M. is a Lipschitz function. Consider the surface cube 

Q = {( x ',tfj(x')) G R*- 1 x R : |ac a | < s, . . . , |x d _i| < s}. 

Let Q be a small subcube of Q with diameter r. Choose <£> G C^°(lR d ) with 0<<f<l, <f — 1 
on 8Q, = on M d \16(5, and \D a ip\ < for |a| < 2£. Let h be the polynomial of degree 
at most £ — 1, given by Lemma I3T2"1 but with A(P, r) replaced with 16Q. Write u = v + w + h 
where v is the solution to the L 2 regularity problem with boundary data (u — h)ip and w is 
the solution to the L 2 regularity problem with boundary data (1 — f)(u — h). Note that for 
|af| <£-l 

D*v = D a ((u - h)<p) = R u*'_ R M ~ D"h)D«-^. (3.8) 



ha /?!(«-/?)! 



Now, let 



F 


= i(v«ri, 


9 


= £ i v '/. 




|ce|=€-l 


Fq 


= 2|(V £ ^)*|, 




= 2|(vyr|. 



Using the fact that v is the solution of the L 2 regularity problem, we obtain 

^ Sri E / WtD«v\ 2 da. (3.9) 



|2Q| 

1 ^' \a\=£-l 
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Now, note that 




(3.10) 



where we have used Lemma 13.21 in the last step. By combining estimates (13.91) and (13.101) 
we obtain 




(3.11) 



This implies that 

(mU^^^^Xmh^ ■ (3 - 12) 

Note that w is a solution of the L 2 regularity problem with (V e w)* G L 2 (dQ) and 
D a w = on 16Q for \a\ < £ — 1. Thus, we may use the weak reverse Holder inequality 
( I1.12j) and the above estimates on v to obtain 



iC {w\U Fl2 V +c *%{w\V 3?d °) ■ (313) 

We should point out that the weak reverse Holder condition on surface balls is equivalent 
to the weak reverse Holder condition on surface cubes. This is because we may cover a 
surface cube by sufficiently small surface balls with finite overlap and vice versa. Thus, both 
conditions of Theorem 13.31 are satisfied and estimate (13.51) follows by covering A(P, s) with 
a finite number of sufficiently small surface cubes. This establishes the solvability of the 
L q regularity problem for any 2 < q < p. Finally, since the weak reverse Holder condition 
(I1.12p has the self- improving property, the argument above also gives the solvability of the 
L q regularity problem for 2 < q < p + e and in particular, for q = p. □ 

4 Necessity of the weak reverse Holder condition 

In this section we show that the reverse Holder condition fll.l2p with exponent p > 2 is also 
necessary for the solvability of the LP regularity problem. 

Theorem 4.1. Let C{D) be an elliptic operator of order 21 satisfying the ellipticity condition 
( |i.^| ) and the symmetry condition U.5\) . Let Q be a bounded Lipschitz domain in M d and 



fix p > 2. Suppose that the L p regularity problem for C(D)u = in il is uniquely solvable. 
Then the weak reverse Holder inequality U.1S\) holds for solutions of C(D)u — in Q with 
the properties (y e u)* E L 2 (dfl) and D a u = on A(P, 3r) for \a\ < £ — 1. 

Proof. We begin by choosing ro > so that for any P E dQ, fl3.6H - fl3.Tj) hold after a possible 
rotation of the coordinate system. Fix Pq E dVt and < r < cr$. Let u be a solution of 
C(D)u = in n such that (VV)* E L 2 (dVt) and D a u = on A(P , lOr) for \a\<£- 1. For 
a function v on Q and P E dQ define 

M.iiy){P) = sup{|f (x)\ : x E j(P) and \x — P\ < c r}, 
M.2(v)(P) = sup{|f (x)\ : x E j(P) and \x — P\ > c$r}, 

where 

7 (P) = 7a (p) = {xeQL: \x - P\ < (1 + a)dist(x, dQ)} 

and a > 1 is sufficiently large. Then, (V e u)* = max{.Mi(V^u), M. 2 (V l u)} . If x E 7(P) for 
some P E A(Po,r) and \x — P\ > Cor, then by the interior estimates we have 

7t..f~\\ ^ C f \ryt..f..\\ j.. ^ C f l/T7^..\*l 



|V'«(x)| < - / \V'u{y)\dy< — x / \{V"uT\da. 

r JB(x,cr) r JA(P ,2r) 



It follows that for any p > 2, 



(-It ! \M 2 (^uWda) P <c(^ [ i(vMT^) 2 . (4-1) 

V r JA(P ,r) J \ r JA(P ,2r) J 



9 



We now estimate Aii(V e u) on A(P ,r). First, choose <p G C™(M. d ) such that if = 1 on 
B(P ,2r), ip = on R d \B(P ,3r), and \D a ip\ < ^ for |a| < 2£. Note that 

in 

k=\ \a\ = \p\=l 

= E E «5 fl °{^"" fc +E^#^^"-> 

fc=l |a| = |/3|=£ I 7</3 '' V ' ; ' 

m . 

= E E E<4^^ + ^°-> («) 

fc=l | Q | = |/3|=£7<a '' V ,y ' 

fe=l | a | = |/3|=£ 7 </3 ' yy " 5<a V ' 

where we used the fact that C{D)u = in Q. 

Recall that T(x) = (Tij(x)) mxrn denotes a matrix of fundamental solutions on M. d to the 
operator C(D) with pole at the origin. We remark that if d is odd or 2£ < d, Tij(x) is 
homogeneous of degree 21 — d and smooth away from the origin. If d is even and 21 > d, 
then Tij(x) = r\j(x) + \n\x\ ■ vf^{x) where T^\x) is homogeneous of degree 21 — d and 

r) - (x) is a polynomial of degree 2£ — d. In this case we replace In \x\ with In (|x|/r). This 



can be done since TfHx) is a polynomial of degree 2£ — d. In either case we have the estimate 



\B a Y{x)\ < ,^ +H for|a|>2€-d + l, (4.3) 



\x 



since the derivatives D a eliminate the logarithmic singularity if |a| > 2£ — d. 

Fix y G R d \U so that \y - P Q \ = r ~ dist(y , dQ). As in [18], let y) = T(x - y) and 
define 

F ij (x,y) = r(x,y)- ]T {y - ^ D^x, y ). (4.4) 

The summation term in (14.41) is a solution of C(D)u = in f2 in both x and y variables. It 
is subtracted from T(x, y) to create the desired decay when \x — Pq\ > 5r and \y — Pq\ < 4r. 
Let T(P, s) = Q fl -B(P, s). By the Taylor remainder theorem and (14. 3p . if x G Q\T(Pq, 5r) 
and y G T(P , 3r), then 



Vffiflj(s,y)|< ^ , Jd+< for|a|<2£. (4.5) 



\x-y 

Also, if x G T(Pq) 5r) and y G T(-Po, 3r) we have 



c P-\a\-l 

\ViD«F tJ (x,y)\ < for \a\ <£-l. (4.6) 

To establish (14.61) we consider two cases: \a\ > £ — d and |a| < £ — d. For the first case 
we use estimate (14. 3ft . The second case is handled by noting that the term involving the 
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possible logarithmic function in Vf.-D^Tj^x, y) is bounded by C\x — y\ l d ' a ' In 

\x — y\ < Cr and £ — \a\ — 1 > 0, it is bounded by the right hand side of (14.61) . 
Next, define w(x) = (w 1 (x), . . . ,w m (x)) by 



\x-y\ 



. Since 



w[x) = 

\a\=\P\=£y<a 



E B- 1 )^^^ J a D2(F id (x,y)D*-i< P )Df>u*dv 



+ E EE( 1)V ^ 7 !(/- 7 )!5!(«-5)! X 



/ D1 (Fijix, y)D a ~ 5+ P~^) D 5 u k dy. 
Jn 

Note that £(D)(w) = C(D)(uf ) in Q. This follows from integration by parts and (14.21) . 
Now, on A(Po) r ) we have 

Mi(V e u) = Mi{V l {uip)) < Mi(V e w) + Mi(V e (wp - w)). 

For x G T(P , 5r), we use (14.61) to obtain 

| 7 |<* r JT(P ,3r)\T(P ,2r) F 2/1 

Thus, if P G A(P ,r), we have 

A^i(V^)(P) < CJ2 rhhe ~ d [ \D^u\dy 



< C(U \V^dyY 

\ r JT(P ,3r) J 

1 

+C T ^~ e (- d [ \DM 2 dyY 

| 7 |<<-1 Vr J nPo,Sr) J 

< c(\f W^dyY 

\ r JT(P ,3r) J 

V r JA(P ,3r) J 

where we have used the assumption P 7 w = on A(P , lOr) for | 7 | < £ — 1 and the Poincare 
inequality in the third inequality. This gives 

f-lj / lA^vMl^V <c(4t / KVMT^Y- (4-8) 
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We still need to estimate M. 1 {\/ l {uip — w)). This is where the assumption that the LP 
regularity problem on Q is uniquely solvable is used. Recall that C(D)(u<p — w) = in Q. 
As in [TS], we also have (V £_1 (w<^ — w))* G L 2 (dQ). Thus, we may apply the uniqueness of 
the L 2 Dirichlet problem and the LP regularity estimate to obtain 



\Mi{V\u^ - w))\ p do < / \(y'(wp- w))*\ p da 



A(P ,r) 



no 



< C / \W t V e - l (mp-w)\ p da 

JdU 

< C I \V t V e -\u^)\ p da 

JdQ. 

+C [ \V t V- l w\ p da 
Jan 



C / \VN E ~ x w\ p da, 



mi 



where the last step follows from the observation that V £ 1 {u(p) = on dQ. 

Now, let p = ■ Then, — - — 1. Using (14.71) and Lemma 4.2 in [TS] we obtain 



„d-l 



Ww\ p da] < 



A(P ,5r) 



c 

d ~ 1 
T P 



hi-/- 



it 



h\<t 



< C- 



< 



Ti \JT(P ,3r) 
1 



Z/3(T(P ,3r)) 
1 



r d— 1 i 

r JA{P ,3r) 



\V £ u\ q dy 
\{V l uY\Ua ) , 



where q = max{g, 2}. This gives 
1 



„d-l 



V"w\ p da\ <C 



A(P ,5r) 



r JA(P ,3r) 



\(V e u)*f da 



(4.9) 



Finally, if P G dQ\A(Po, 5r), we use estimate (14.51) to obtain 

(j r .d+£-l 



\V e w(P)\ < 



P _ p \d+i 
< C 1 



\l\-l-d 



h\<t 
,/+f-j / ^ 



-D 7 w| dy 



T(P ,3r) 



< 



p-p \d+e-i 
Q r d+e-i 
\p-pjd+e-i 



r JT(P ,3r) 
1 



\V"u\ 2 dy 



[V l uY\ 2 da 



r JA(P ,3r) 



This implies that 
1 



r Jdn\A(P ,5r) 



l 

V e w\ p da V < C 



\(V e uy\lda 



r JA{P ,3r) 



(4.10) 
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Combining estimates (14.11) . (14. 81) . (14. 9p . and (14.101) . we have proved that 

(^T / l(VMT^) " < C (-^ / \(V e u)*\ida\ ? , (4.11) 

V r JA(P ,r) J \ r JA(P ,3r) J 

where q = max(g, 2) and ^y- — ^ — 1. Note that since p > 2, 

1 1 "i-iU 1 



g p d \ p J 2d 
Thus we may iterate estimate (14. lip to obtain 

(i / l(vMT^) P < c (-^ [ |(vMT) 2 , (4.i2) 

\ r JA{P ,cr) J \ r JA(P ,r) J 

starting with q = 2. We may do this since the LP solvability of the regularity problem implies 
the L s solvability for 2 < s < p. 

By covering A(Pq, r) with sufficiently small surface balls {A(Pj, cr)}, we obtain the weak 
reverse Holder condition (11.121) . □ 



Remark 4.2. Under the same assumptions as in Theorem 14. 1[ we have 

JA(P ,r) / 

S 7 Gir/ I(V«-MT^)', (4.13) 

where C{D)u = in T(P , 10r), .Mi(V^V) G L 2 (A(P , 10r)), and £> Q w = on A(P , 10r) 
for | a | < i — 1. Indeed, a careful inspection of the proof of Theorem 14.11 shows that 

( / |Mi(V^)r^V <cf^ / |V^| 2 rfaV. (4.14) 

Using D a u = on A(P , lOr) for |a| < £ — 1 and the fact that the L? regularity problem is 
uniquely solvable on every bounded Lipschitz domain, one may deduce that the right hand 
side of (I4.14p is bounded by the right hand side of (I4.13p . We leave the details to the reader. 

5 Proof of Theorem 1.2 

Let — = - — jK-. By Theorem 1.1 in [18], it suffices to establish the weak reverse Holder 
condition 



j,d— 1 



/ \{V i - 1 u)*\' 10 da) 

JA(P ,r) J 
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<c[-3=r/ l(v^)T^) , (5.i) 

' -'A(fb,20r) 



where C(D)u = in Q, (V' -1 u)* G L 2 (<9fi) and D a u = on A(P , lOOr) for |a| < £ - 1. 
Clearly we may assume that Q R B(P ,Cr) is given by the region above a Lipschitz graph 
in the sense of (IXBD- flXTjl . 

Let P G A(Pq, r ) and a; G j(P)- It follows from the interior estimates that 



v c / (vM*(y: > (0-2) 



where s = dist(:r, <9f2). Next, write 

D a u(x', x d ) - D a u(x', x d ) = - D a+ed u(x', s) ds, 
where \a\ = £ — 1. This, together with (15.21) . gives that 

M 1 (V e - 1 u)(P) < C [ ,^ l(V y 2 Mv) + ■M 2 (V^ 1 n)(P), (5.3) 



A(P ,3r) 



\P-y\ 



where M.\ and M.2 are defined in the same fashion as M.\ and M.2-, but using a family of 
slightly larger nontangential approach regions {7b(P) : P G dQ}, where b > a. Thus, by the 
fractional integral estimates as well as the obvious estimate for A4 2 (V e ~ 1 u), we have 

1 f 1 \ q ° 

\(V i - 1 uY\ qo da 



rpd—l 



A(P ,r) 



1 



1„ 

IV v 

A(P ,3r) 



1/2 



< C7(^/ l(V^r^a) (5.4) 



+cv f4r / |.Mi(vV)N^ 

V r JA(P ,3r) J 



J J/\(P ,3r) 

The desired estimate (15. ip now follows from (15.41) and (I4.13p . 



6 Duality between the regularity and Dirichlet prob- 
lems, part I 

The remaining two sections of this paper are devoted to the proof Theorem 11.31 In this 
section we show that for any second order elliptic system, the solvability of the L p regularity 
problem implies that of the L p Dirichlet problem. 

To simplify the notation in the case I = 1, we write the m x m system as C(u) = 0, 
where {C{u)) a = a*f 'DiDjU 13 for a — 1, . . . , m, and 

<at^tv" <h\M 2 (6-1) 



14 



for some \x > 0, and all £ G M d and rj G M m . Without the loss of generality, we may assume 



that = Ojf in the place of (1.4). 

Theorem 6.1. Let 1 < p < oo and Q be a bounded Lipschitz domain. Suppose that the LP 
regularity problem for C(u) = in Q is uniquely solvable. Then, the LP Dirichlet problem 
for C(u) = in Q is uniquely solvable. 

Proof. We begin with the existence. Let / G C^°(R ci ) and u be the solution of the LP 
regularity problem in Q with boundary data /; that is, C(u) = in Q, u = f on dfl 
and ||(Vu)*||p < C||V t /|| p . Since (Vu)* G l/(d£l), it follows from Theorem O that Vm 
exists a.e. on dfl in the sense of nontangential convergence. Therefore, we have the Green's 
representation formula 



u(x) 



pa 



mi 



du 
dv 



da 



du 



■ u da, 



(6.2) 



where T x {y) = T(x — y) and |^ denotes the conormal derivative of u on <9f2, defined by 



fduY 
{du 



a0 n 



(6.3) 



where n = (rii, . . . , rid) is the outward unit normal to dQ. Thus, by the well known singular 
integral estimates on Lipschitz surfaces, 



( u 



n'<C 



du 



du 



c\\f\\ 



(6.4) 



where || • ||-iy denotes the norm in W-^'idtt), the dual of the Sobolev space W 1,p {dQ) 
equiped with the scale-invariant norm 



\h\ 



|V t /i|| p + |9fi|5=3||/l||p. 



To estimate the first term on the right hand side of (16.41) . we let g G C^°(lR d ) and w be 
the solution of the LP regularity problem with data g. Using integration by parts, we have 







f dw , 




dw 


/ 7T- 9 do- 
Jan du 




/ u ■ — — da 


< WfV 


du 




Jan du 



Now, since 



by duality we obtain 



dw 



du 



< C\\(Vw)*\\ p < C\\V t g\\ p < C\\g\\ w i, Pm , 
du 



du 



<C\\f\\ p , 



(6.5) 



-i,p' 



So, by combining estimates (16 ,4p and (16. 5p . we obtain ||(w)*|| p ' < C||/|| p /. 

Next, we establish the existence in the general case. Let / G LP (dfl) and choose ft G 
C^°(lR d ) such that ff. — > f in LP (dVL) as k — > oo. Let Uk be the unique solution of the LP 
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regularity problem in with data f k . Since Uj—u k is the unique solution of the L p regularity 
problem with data fj — f k , we have 

\\(uj - u k )*\\ p , < C\\fj - f k \\ p > -> 0. 

Using 

sup\uj-u k \ < C K \\(uj - u k )*\\ p >, 

K 

where K CC f2 is compact, we see that Uj — > -u uniformly on every compact subset of f2. 
This implies that C(u) = and < C||/|| p /. To see this, note that < C||/j|| P ' 

where 

(uj)l(P) = sup{\uj(x)\ : x £ 7(P) and dist(x,9Q) > e}. 

Letting j — > oo and then e — > we obtain ||(«)*|| p ' < C||/|| p /, as desired. 

To complete the existence part, we need to show that u — > / nontangentially almost 
everywhere. First, note that ||(-Uj — w fc )*|| p / < C\\fj — f k \\ p >- Letting k — > oo and then e — > 0, 
we obtain 

IIK-^rilp^cn/,-/!!,, 

To show that w has nontangential limits, we define 

A(P) = limsupw(:r) — liminf u(x). 

x^P X^P 
xe-y(P) xe-y(P) 

Now, fix j and note that 

A = lim sup(w — uj + Uj) — lim inf (u — Uj + Uj) 

< lim sup(w — Uj) + lim sup Uj — lim inf (u — Uj) — lim inf Uj 
= lim sup — Uj) — lim inf — Uj) 

< 2(u-Uj)*. 

Thus, ||A|| p / < C\\(u — Uj)*\\ p i — > as j — > oo. This implies that A = a.e. and hence w has 
nontangential limits a.e. on dQ. 

It remains to show that u — > / a.e on <9f2. To do this, let 

A(P) = | lim u(x) - f(P)\. 

X — ► P 

xe-y(P) 

Note that for any j, 

A = | hm (« - «,-) + (/,■ - /)(P)| < |(« - Uj)*(P)\ + |(/, - f)(P)\. 

X — > r 

xe-y(P) 

This implies that 

||A|| P '< \\(u-Uj)*\\ p , + \\fj-f\\ P > ^0 asj^oo. 
Thus, A = a.e. and u — f a.e. on dQ in the sense of nontangential convergence. 
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In the second part of this proof we establish the uniqueness of the solution. To this end, 
suppose that 

C(u) =0 in Q, 

u = a.e. on dQ, 

(«)* g Lp'(dn). 

We need to show that u = in VL. 

Fix x G VL and let G 21 = G(x ) y) = T(x — y) — v x (y), where v x is the solution of the W 
regularity problem with data F(x — y); i.e., 

C(v x ) =0 in Q, 

vX {y) — r(x — y) on <9f2, 
(W)* G L p (dtt). 

Note that (Vv*)* G L p (dQ) implies that (V 2/ G 3: )*' £ G L p (dtt) if 2e < dist(ar, dft), where we 
have used the notation 

(w)* ,6 (P) = sup : x G 7(P) and dist(x,<9fi) < e}. 

Choose (p £ G C^°(lR d ) such that (p £ = 1 on {y G f2 : dist(y, <9J1) > e}, </? £ = on 
G n : dist(y,dQ) > e/2}, |V</? £ | < f , and |VVe| < §• Note that 

= wy9 e (:r) = [ G(x,y)C(mp £ )dy (6.6) 

and 



i°P I n.n.i,P . m -l n . n.,n -l n.o,/ 3 . n .,n _l ^ 



l ] J "lire 1 "-jj "jrt 1 ""ij 

where we used the fact that = in f2. This implies that 



w a (a;) 



/ G a7 (x, y)ajf {D jU P ■ Di<p £ + D { vP ■ D jV > e + u p ■ AAv^} dy 
Jn 

- J [DjG^x, y)alfu^Dnp e + G a ,(x, y)a]fu f3 D i D j (p £ (6.7) 
+ D i G a ^(x,y)al^u l3 D j if £ ^ dy. 



It follows that 



\u a (x)\ <-! \V y G(x,y)\\u(y)\dy+- 2 [ \G(x,y)\\u(y)\ dy 

< jy E \v y G(x, y )\ p d y y y^u^'dyy 

+ ^{J E \ G ^v)\ Pd v\ [j E H P 'd y y , (6.8) 



17 



where E £ = {x G O : (e/2) < dist(x, 90) < e}. 

Using the mean value theorem and G(x,y) = for y G (90, it is easy to see that 
< Ce(V y G 1, )*' £ ( p ) HyeE £ n 7(F). It then follows from ([S3]) that 

K(x)| < 
< 
< 

Finally, since u = a.e. on 90 in the sense of nontangential convergence, it follows that 
(u)*' £ — > a.e. as e — » 0. Using (ii)* ,e < (w)* G L p (90) and the dominated convergence 
theorem, we obtain || (w)*' £ || p / — > as e — > 0. This implies that w = in O and the uniqueness 
of the solution is established. □ 



C 



\(V y G x )*< £ \ p da 



e p IJdn 



1 



\u\ p dy 



( ' <-j E \ u \ p d v 



C x { / \(u)^\ p da 
Ian 



7 Duality between the regularity and Dirichlet prob- 
lems, part II 

In this final section we prove the other implication in Theorem 11.31 

Theorem 7.1. Let O be a bounded Lipschitz domain and 1 < p < 00. If the L p ' Dirichlet 
problem for C(u) = in O is uniquely solvable, then the LP regularity problem for C(u) = 
in O is uniquely solvable. 

The proof of this theorem relies on the following lemma. It also uses the solvability of 
the L 2 regularity problem for second order elliptic systems, established in [7J [8j [H [10] . 



Lemma 7.2. Under the same assumptions as in Theorem \ 7. 1\ we have 

\\{Vuf\\ p + \dn\^\\{uY\\ p < c{\\V t u\\ p + |90|t^|H| p } , (7.1) 

where u is the solution of the L 2 regularity problem with data f G C^°(]R d ). 

We first demonstrate how to deduce Theorem 17.11 from Lemma 17. 2[ 
Proof of Theorem 7.1. We begin with the existence. By dilation we may assume that 
\dn\ = l. Let f e 1U 1 ' P (90). Choose f k G C^(R d ) such that f k -»• / in W l > p {dn). Let u k 
be the solution of the L 2 regularity problem with data fa. Then Uj — u k is the solution of 
the L 2 regularity problem with data fj — f k Thus, using estimate (17. ip . we obtain 

iK^-riip+iKv^riip < cwmw^w, (7.2) 

II (uj -u k )* \\ p + ||( Vuj - Vu k )* ||p < C\\fj - f k \\ w i, P{dn) . (7.3) 
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It follows from estimate (17. 3p that Uj converges uniformly on any compact subset of Q. By 
interior estimates, this implies that Uj — > u and Vuj — > Vw uniformly on any compact subset 
of Q and C{u) = in Q. By letting j — > oo, as in the proof of Theorem 6.1, we obtain 

||(ti)%+||(Vu)*|| p < C\\f\\ (7.4) 
\\(u k -u)%+\\{Vu k -Vu)*\\ p < C\\f k -f\\ w i„ m . (7.5) 

We point out that estimate (17.51) implies that u = f on dQ in the sense of nontangential 
convergence. This follows from the same argument used in the proof of Theorem 16. II for the 
existence of nontangential limits. 

To demonstrate the uniqueness, we fix x G Q and suppose that 

C(u) = in Q, 

u = on dQ, 

(Vu)* e LP(dQ). 

We need to show that u = in f2. To do this, let G 1 ' = G(x,y) = T(x — y) — w x (y) in Q, 
where w x is the unique solution of the LP Dirichlet problem in Q with data T(x — y); i.e., 

C(w x ) = in fi, 

w x = T x on <9fi, (7.6) 

(w x )* e LP'(dn). 

Note that since (w x )* G L p '(<9fi), we have (G x )*' e G if 2e < dist(x,9fi). 

We now proceed as in the proof of Theorem 6.1. It follows from (16 .7p that 

\u(x)\ < — j \G x \\Vu\dy+ / IG^IHdj/ 



< C / (G^)*'" • (Vu)*da 

JdQ 



'an 

< c\\(G*y%'\\(vuy\\ p , (7.7) 

where we have used the observation that \u(y)\ < Ce(Vu)*(P) if y G 7(-P) PI -E e . Note that 
|| (G x )* ,£ \\ p t — > as £ — > 0. This follows easily from the dominated convergence theorem, 
since (G 1 ')*' 6 -> a.e. as e -> and (G x )*' £ < (G x )*' £o G L p '(<9fi) for e < e . Thus we may 
conclude that u = in Q. This completes the proof. □ 

The rest of this section is devoted to the proof of Lemma 17.21 

Lemma 7.3. Let Q be a bounded Lipschitz domain with \dQ\ = 1 and 1 < p < oo. Suppose 
that the LP Dirichlet problem for £ in Q is uniquely solvable. Also suppose that u G C°°(Q), 
Vm exists a.e. on dQ, and u = on Q\B(P,r) for some P G dQ. We further assume that 
for some C > C x > 10, Q C B(P, C r), 

B(P,C l r) nn = B(P,C ir ) n {(x',x d ) : x d > 7i(x')}, 
C(u) G L p '(tt) and (^)* G L p '(dtt). Then, 

du 



\Vu\ p da<C 
an Jan 



dx ri 



p 

(lcr -\ C I \£(n)\ p (l.r + C I \Yu\" dr. 



where K is a compact subset of Q and C is a constant which may depend on r and K. 
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Proof. We may assume that P = 0. Let u = u — V * C(u) in Q. Then C(u) = in Q and 



|Vw| p da<C \Vu\ p da + C \VT * C(u)\ p da. 
an JdQ JdQ 



{7.1 



Next, we estimate each of the terms on the right hand side of (I7.8p . We begin with the 
second term. Note that 

/ \VT * C{u)\ p ' da < C I |Vr * C{u)\ p ' dx + C [ |V 2 r * C(u)\ p ' dx 
Jon Jn Jn 



< C / \L{u)\ p dx, 



where we've used the Calderon-Zygmund estimates on the second term and the fractional 
integral estimates on the first term. To estimate the first term in the right hand side of (17. 8p . 
we observe that by the square function estimates (e.g. see [5]), 



I \Wu\ p 'da<[ \{VuY\ p ' da <C f \S{Vu)\ p ' da + C sup |W| P ', 

JdQ JdQ. JdQ K x 



(7.9) 



where K 1 is a compact subset of Q and S(w) denotes the usual square function of w, defined 
by using a regular family of nontangential cones. Also note that by interior estimates, 



sup|W| p < / \Vu\ p dx< \Vu\ p dx + C \£{u)\ p dx, 
Ki Jk 2 Jk 2 Jn 

where K 2 D K\ is a compact subset of Q. 

It remains to estimate the term involving the square function in f lT.Qj) . The key observa- 
tion here is that 



S(Vu) = S(VT*£(u))<C \C{u)\dx ondQ\B(0,2r) 

Jn 

S(\7u) < CS ( i^- ) +Csup|V2| on B(0,2r)ndn, 

\OX d J Ks 



(7.10) 
(7.11) 



where K 3 D K 2 is a compact subset of fl and S(w) denotes the square function of w, defined 
by using a regular family of nontangential cones which are slightly larger than ones used for 
S(w). Estimate (17.101) follows easily from the assumption that u = in Q \ B(0,r). The 
proof of (17.111) in the case of harmonic functions on upper-half spaces may be found in [22J . 
It extends easily to the case of general second order elliptic systems in Lipschitz domains. 
With estimates (I7.10p - (l7.1ip at our disposal, we have 

/ \S(Vu)\ p 'da < [ \S{Vu)\ p 'da+ [ \S{Vu)\ p ' da 

Jdn J B{0,2r)C\dn Jdn\B(0,2r) 



< C 



< C 



?(o,2r)nsn 
du 



B(0,2r)ndn 



S 



8Xr 



da + C \C(u)\ p dx + C sup \Vu\ p 
'n k 3 



no 



(^l) da + C [ \C(u)\ p ' dx + C sup \Vu\ p ' 
\dx d J J Q K3 
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< c 

< c 



an 



du 



dx d 
du 



da + C I \C(u)\ p dx + C / \Vu\ p dx 
n Jk 



(7.12) 



r 8u p r 

/ — da + C |Vr * £(u)\ p ' da 
Jan v x d Jan 

+C [ \C{u)\ p ' dx + C [ \Vu\ p ' dx 
Jn Jk 



< C 



an 



du 



dx d 



da + C \ \C(u)\ p dx + C / \Wu\ p dx, 
u Jk 



where K D K 3 is a compact subset of Q. 

We point out that it is in estimate (17.121) where we used the solvability of the L p Dirichlet 
problem in f2. This is possible since 

C{*L) = o in tt and 



dx d 

du 

dXn 



G L p '(dtt). 



To see (I7.13p . we only need to show that the radial maximal function 

du 



M 



du\ , „. 

■E-)(P)= SUP 

OXd J 0<t<c 



dx, 



-(P + te a 



eL p (£(0,2r)ndfi). 



(7.13) 



(7.14) 



Since 



M 



du 
dx d 



<M 



du 
dx d 



M(VT*C(u)) 



and M < (j±Y G L p '(dn), estimate fl7A3|) follows from 

I \M{S7T*C(u))\ p ' da<C ( \C{u)\ p ' dx. (7.15) 

JB(o,2r)ndn Jn 

Finally we remark that the desired estimate (IT. 15j) is a consequence of the inequality 

\M{w)\ p 'da< C [ \Vw\ p 'dx + C [ \w\ p 'dx 
'B(o,2r)ndn Jn Jn 

for any w G C 1 (fi). This complets the proof of Lemma [7.31 □ 

We are now in a position to give 
Proof of Lemma 17.21 We may assume that \dQ\ = 1. Suppose that / G C^°(lR d ) and 

C{u) = in Q, 

u = f on dQ, 

(Vu)* G L 2 (dQ). 



By Theorem 2.1, V« has nontangential limits a.e. on dQ. We will show that 

du 



du 



<C{||V t /|| p +||/|| p }. 



(7.16) 
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The nontangential maximal function estimate (7.1) follows from (17.161) and Theorem 2.1 as 
well as the Green's representation formula. To establish f!7.16p . we first note that it suffices 
to consider the case supp(/) C B(P , r), where P £ dfl and B(P , C\r) ndfl is given by the 



graph of a Lipschitz function after a possible rotation. For otherwise write / = Yl'jLi iV 



where (pj G C { 



oo /TBd\ 



and cpj = 1 on dQ. Then, u = J2 u j where Uj is the solution with 



data fifj and we have 
du 



du 



< 



du 



du 



< 



c Ell Mil <c\\f\\ 



Let g G C™(R d ) and 

' C(w) = in Q, 

w = g on dQ, 

(Vic)* G L 2 (dn). 

Using integration by parts we obtain 



du 



mi 



du 



du 



— ■ g da = / — • w da 



tin 



du 



<■><> 



dw , 
u ■ —— da 
du 



dw 
f -j-da. 

dn du 



By duality it suffices to show that 



dn du 



< c II/IIw^p^IMIp'- 



(7.17) 



To this end we assume that Pq = and that 

B(0,C 1 r)nn=B(0,C 1 r)n{(a/,x d ) : x d >r){x')}, 

where i] : IR d_1 — > R is a Lipschitz function. Next, choose ip G C^°(i?(0, 4r)) such that ip = I 
on -B(0, 3r). Now define 



Then 



9w 



w(x',x d ) 



i/jw in and in particular, 



i/j(x', t)w(x', t) dt. 



dw 
dx d 



w in -8(0, 3r) fl f2. Also note that 



{C{i)w)) a dt 



oo 



.t'd 



a/3 



{w^DiDjip + DiW^Djip + DjW^Diip] dt. 



It follows that on B(0, 2r) n fi, 



< C sup |w| 
if 



where K CC is compact. We now observe that 

f a a^mD jW p da = 



;><! 



du 



i)<! 



f a a$n i D j D d > da 
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f a af(n i D d -n d D i )D j w^da + [ f a n d [C(w)] a da 
n Jan 

[ (n t D d -n d D l )f a -atfD^da+ [ f a n d [C(w)] a da. 
Jan Jan 



This implies that 



< C||V t /||^ / \Vw\> da\ +C\\f\\ p sup\w\ 

'B(0,r)ndn J K 



f dw A 

an ov 



< C\\f\\ w i, P{m) l\ I \S7w\ p da\ +sup|w| 

'B{0,r)ndn ) K 

Note that since the L p ' Dirichlet problem in Q is solvable, we have that 

sup \w\ < C\\(w)*\\ p i < C\\g\\ p >. 

K 



Thus, we only need to show that 



\Vw\ p da < C\\g\\L. 

I NJ lip 



iB(o,r)nan 

Note that w = in Q\B(0, 4r). This allows us to apply Lemma [7.31 to obtain 



L 



\Vw\ p da < C \w\ p da 

B(0,r)lldn JB(0,4r)ndn 



+C / \C(w)\ p dx + C \Vw\ p dx. 



\C(w)\ p dx 



B(0,4r)nn 



£(ipw) dt 



J-d 



dx 



< C \C{tlJw)\ p '{dist{x,dQ)} p dx 

JB(0,4r)nn 

< cl {|VH P ' + \w\ p ' } {dist(x, dtt)} p ' dx 

Jq 



< C / \{w)*\ p da 

Jan 

< C I \g\ p 'da. 

Jan 



By interior estimates, the last term in fl 7 . 1 9 1) is bounded by 



(7.18) 



(7.19) 



To handle the second term of (17.191) . we use Hardy's inequality (see e.g. [22], p. 272) to 
obtain 



Csup\w\ p < C / \g\ p da. 
k Jan 

where K D K is a compact subset of Q. With this last estimate we complete the proof of 
estimate (17.181) and hence the proof of Lemma 17.31 □ 
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